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Relations were derived comparing the steady supersaturation in the continuous MSMPR and/or
batch crystallisers with the stirred suspension having the maximum supersaturation corresponding
to the boundary of metastable region at the given conditions. The derived relations include
only the quantities used for evatuation of the system constant By from the corresponding crystal-
lisation experiments. By use of supersaturation in the crystalliser obtained by the described
method it is possible to cvaluate the kinetic constants of nucleation and growth. However,
it is not possible to expect a high accuracy of the data so obtained.

The driving force of crystallisation — supersaturation is decisive for the result
of this operation. The resulting size of product crystals is determined by the amount
of formed solid phase, growth rate of individual particles and by the number of
particles which depends on the birth rate of crystal nuclei. Both the growth rate
and nucleation rate are in general functions of supersaturation and their relation
to the resulting size of product crystals can be schematically demonstrated in Fig. 1.
At small supersaturations the growth rate of crystals is small but the nucleation
rate is negligible. Only small amount of new particles form and the present crystals
can grow to a significant size. With increasing supersaturation the growth rate of crys-
tals rises but — especially above a certain limit typical for the given system — the
nucleation rate increases significantly, larger number of crystals form and the mean
size of product crystals is thus smaller.

Even though supersaturation is so significant quantity for control of crystallisa-
tion operation it is not easily measurable? and thus mostly unknown. Quite generally
it is stated that its value should be situated somewhere inside the metastable region
but its actual value is only exceptionally known. Usually even an approximate
estimation of supersaturation in the crystalliser is not possible. Thus frequently
a paradox situation is encountered — from laboratory measurements the dependence
of rates of both processes on supersaturation is known but supersaturation in the
crystalliser cannot be specified and therefore in the design of crystallisers this most
important quantity determining the character of nucleation has to be usually eliminat-
ed from the final calculation'.
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The aim of this study is to obtain relations which would enable a satisfactory
estimate of supersaturation in the crystalliser on basis of laboratory data or plant
crystallisation experiments. While with the continuous MSMPR (mixed suspension.
mixed product removal) crystalliser the steady value of supersaturation would be
of interest. with batch crystallisers the maximum value of supersaturation and its
decrease at the end of the batch operation should be estimated.

THEORETICAL

SUPERSATURATION RATE AND WIDTH OF METASTABLE REGION

If salting out and chemical reaction are neglected, supersaturation in crystallisers
is mostly formed by cooling, evaporation and adiabatic cooling. If the supersaturation
rate is defined as the amount of compound originating in the solution in cxcess as
compared to the equilibrium value and related to the unit amount ol solution per
unit of time it is possible to derive relations from the material balance® for the men-
tioned three main supersaturation methods, for cooling

s = (dw‘q/dT).(—T) (1)
for isothermal evaporation
s = (dmyfdt) . mg ' we, (2)
and for adiabatic cooling
s = [(dweo[dT) hyy + cpowl + wo)] . (= T) . (hyy — hywe)™" . (3)
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Diagram Relating the Nucleation Rate,
Growth Rate, Mean Size of Crystals and

Supersaturation of Solution Aw o
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If the solution is supersaturated at a constant rate s, the first particles of the solid
phase will not form immediately after exceeding the equilibrium concentration w,,,
but only at a certain supersaturation Aw,,, corresponding to the boundary of the
metastable region. The dependence of Aw,., = Aw,_., (s) is used for indirect mea-
surement of nucleation kinetics by use of the relation®

s = ky Awlay (4)

and then the so-called nucleation parameters ky and n are tabulated. Tt has been
shown that these nucleation parameters can be used for evaluation of nucleation
kinetics only with a great caution but the dependence of metastable zone width
on supersaturation rate can be expressed very well. As the measurement is usually
performed with cooling, it is possible to write for the maximum supersaturation
the relation

A = (sky)' /™ = [(dweo/dT) (= T) kg 'V ©)
or to calculate also the maximum undercooling

ATy = (dwcq/dT)_l AW, 6)

CONTINUOUS CRYSTALLISER

In the continuous crystalliser operated in steady state, supersaturating is compensat-
ed! by the growth of crystals or also by nucleation

s = kgA AwE + ky Aw" (7)

while the contribution of nucleation (the last term) can be, as concerns the material
balance, usually neglected. The surface area of crystals, 4, is proportional to the
concentration of suspension, m,

A = BmJ(xo.L) (8)

so that there holds

s = koB Awm_J(eo L) = 3Lm,|L. 9)

From this relation the steady value of supersaturation can be expressed if it is taken
into consideration that the supersaturation rate, s, is in steady state equal to the speci-
fic output of the crystalliser, m, and that m[r, = I, is the mean residence time
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of solution in the crystalliser, the relation is obtained
Aw* = (ao LlkgPi))''s = (3ao LlkeB)" s . (10)

The steady value of supersaturation can be calculated from this relation if the growth
rate constant of crystals, kg, is known from independent measurements. We can
determine the value of the system constant® from a model or plant crystallisation
experiment by use of the relation

(L= L) 3%/ f(z)™ = 3Bml= st (11)

In this relation, the significance of individual terms is given by the relations =y =
=3LyJ(L— Ly), f(zn) = 1 + zy + z3/2 + z}[6 and ¢ is the exponent of sccondary
nucleation. The system constant By includes the kinetic parameters of crystallisation

458 [ s
By = = (A SL k)™ (kg B[300,) - 12
) (anNN)g/n ( N/ n) ( rﬁ/ ) ( )

If the term kg B[32g, in Eq. (10) is expressed by use of Eq. (12), we obtain the relation
Aw* = (4-SL[ky)"™ . [(L — Ly)/(3Bni})]"® (13)

which can be used in the case when the kinetic parameters of nucleation are known
from independent measurements. From comparison of the steady value of super-
saturation with the width of metastable region, at otherwise identical conditions
(Eq. (5)), the relation results

AW [Aw, 0y = (45 /m )" . [(L — Ly)|(3Byi)]"® (14)

from which the kinetic constants of nucleation and growth were eliminated.

BATCH CRYSTALLISER

We consider a batch crystalliser® containing a just saturated solution in the time
t = 0 when the solution starts to be superaturated at a constant rate s, in the presence
of crystals with negligible surface area. Supersaturation starts to grow till the boundary
of the metastable region, Aw,.., (Fig.2)is reached. At this moment the nucleation
starts and crystals with the already not negligible surface area form. The crystals
at continued supersaturating start to remove part of supersaturation at a greater rate
so that the final supersaturation decreases to the value Awy at the end of the batch.
The curve plotted in Fig. 2 was obtained by simulation of a batch crystallisation
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operation on the computer®. The first-increasing part of the curve can be approximat-
ed by the straight line

Aw = 5.1 (15)
valid approximately up to the maximum given by Eq. (5) in the form

AW = (s/kp)'™ (15q)
which is reached in time

Loae = AW [s = sto=t g3im, (16)

From this moment, the supersaturation starts to decrease in dependence on increasing
surface area of crystals. When the surface area of crystals reaches the value

A = (kg Arty) (17)

nucleation stops to play the significant role and supersaturation can be removed
just by the crystal growth. This holds for constant supersaturation rate only. If the
supersaturation rate increases with increasing surface area of crystals, the super-
saturation during the batch is much less variable.

From a number of measurements performed on the laboratory and industrial
scale it is known that the size distribution of crystals in the batch crystalliser can be
very frequently expressed by the relation o

M(L) = 100. (1 + = + 2%[2 + 2°/6) . exp (~z2) (18)
Aw
AW,
FiG. 2
Diagram Demonstrating the Supersatura-
tion in the Batch Crystalliser in Dependence

on Time at Constant Supersaturation Rate
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which has been theoretically derived for the product from the continuous stirred
crystalliser. This means that the population density of crystals can be cxpressed
as

n(L) = n®exp(-:) (19)
in both cases, where for the continuous crystalliser the above given relation holds
z = (L— Ly)Li, = 3(L— LYNL - Ly). (20)

But from the condition (/9) and from the supersaturation balance equation (/1)
has been derived, hence it is justifiable to expect that the formally identical form
of equation will also hold for the batch crystalliser. Only the values ¢, and m, must be
substituted by the corresponding quantities which would have a physical meaning
in the batch operation.

If the mean size of product crystals from the batch crystalliser is characterized
identically as in the continuous crystalliser by the oversize fraction M(L) = 64:7%,
i.e. by the dimensionless residence time Z = 3, Eq. (20) holds without any changes.
If we define

L=1Ly+ Lt (21
from comparison’ there results

1, = 3i,. (22)

As in the continuous crystalliser rii, = m[1,, Eq. (/1) (still valid for the continuous
crystalliser) takes the form

(L= L)'/, f(zn)¥ = 3Bym(! =g, 1 =uin (23)

and after substitution of 7, by the relation (22) the final relation is obtained, valid
for the batch crystalliser

(L~ Ly) *38m  f(zn)f/™ = 3Bum{! =1 [3)! 78/ (24)

It is obvious, that the value of the constant By remains for both types of crystallisers
equal and thus by considering Eq. (/2) and equation

Awe = [sao L)(kgBm)]' (25)
the relation
AWg[AW, 00 = (I-SLi‘lc/mc)”" . (I:/BNIC)”‘ (26)
can be obtained, which is comparable with Eq. (14).
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RESULTS AND DISCUSSION

The derived relations are illustrated by a simple example. The crystallised material
has the following parameters: « = 1, f = 6, o. = 1589 kgm™2, g = 1, n = 2:457,
Ly =1.10"%m, dw,/dr = 000438 kgkgy' K™'. In the continuous crystalliser
an experiment has been performed in which for concentration of suspension m, =
= 0171 gkgy ' and the mean residence time i, = 1973 s the product is obtained
with the mean size of product crystals L = 2:57 . 10”* m. Evaluation of experimental
data by the carlier described procedure®®, for the exponent of secondary nucleation
c=1, led to results Ny = 1:45.10*s * kgo', L =434.10"8ms™* and By =
=394.10""" (kg/kgo, m, s).

If the obtained values are substituted into Eq. (/4) the value Aw*[Aw,,,, = 0-216
is obtained. If the value Aw,,, for identical expsrimental conditionsis Aw, = AT, .
. dw,[dt = 1-5.0-00438 = 657 . 1073 kg/kg,, the steady value of supersaturation
Aw* = 1-42. 1073 kg/kg,. From the definition equations of the nucleation rate

NY = ky Aw*"|(x0.L3) (27)
and the linear growth rate

L* = kgf Aw*|(300,) (28)

the corresponding kinetic constants of nucleation and growth ky = 0-229 and kG =
= 0-0243 are easily calculated by use of the known supersaturation.

From the given example is obvious that Eq. (/4) or (26) can be advantageously
used for the estimate of supersaturation in crystallisers of the MSMPR type or in the
batch crystalliser with stirred suspension and the so obtained values can be used
for calculation of kinetic constants of nucleation and growth directly from the data
of the crystallisation experiment. With regard to the quantity Ly appearing in Eqs (14)
or (26) with the 3/n power, which is affected by a large experimental error, it is not
possible to expect that the accuracy of the so obtained quantities could approach the
accuracy of their direct measurement?®.

LIST OF SYMBOLS

A specific surface area of crystals in suspension, (m2 kgy )
By system constant, (kg/kgg, m, s)

¢ exponent of secondary nucleation

Cpo specific heat of the inlet solution, (kJ kgg‘ K~ l)

f(zn) function defined earlier in this paper

g kinetic exponent of crystal growth

lxlg heat of evaporation, (kJ kgg‘)

Iy heat of crystallisation, (kJ kg™ 1)

Collection Czechoslov. Chem. Commun. [Vol. 45] [1980]



Supersaturation of Solutions in Crystallisers 1927

/"G rate constant of crystal growth, (kg/kgo. m, s)
kn rate constant of nucleation, (kg/kgg, m. s)
L mean size of crystals, (m)
Ly size of initial crystals, (m)
L linear growth rate, (ms™')
L* steady linear growth rate, (ms~ l)
niy mass of solvent, (kg,)
i concentration of suspension, (kg kgg )
me specific output of crystalliser, (kg kgy 's™")
Nx numerical nucleation rate, (kgg 's™ ')
1\'/§ steady numerical nuclcation rate, (kgg' s")
n kinetic exponent of nucleation
K} supersaturation rate, (kg kga‘ s')
T temperature, (K)
-7 cooling rate, (K )
AT, maximum undercooling, (K)
t time, (s)
1 max time tilf reaching the boundary of metastable region, (s)
1, total time of a batch, (s)
N mean residence time of solution in the crystalliser, (s)
weq  solubility, (kg kgg ")
we concentration of mother liguor, (kg kgq 1y
wo concentration of feed, (kg kgg ')
Aw supersaturation, (kg kgg y
Awpa  maximum supersaturation, (kg kgg ')
A steady value of supersaturation, (kg kgg )
Ay final supersaturation, (kg kgg )
kN dimensionless size of initial crystals
z dimensionless residence time of crystals
o volume shape factor
B surface shape factor
0. density of crystals, (kg m~3)
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